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Abstract 
Bridson, M.R., Regular combings, nonpositive curvature and the quasiconvexity of abelian 
subgroups, Journal of Pure and Applied Algebra 88 (1993) 23-35. 
We study the geometry of abelian subgroups relative to combings (normal forms) of automatic 
groups and groups which act properly and cocompactly on spaces of nonpositive curvature. We 
prove that in general combings which arise in the latter context are incompatible (in a sense 
which we make precise) with regular combings, the fundamental objects of automatic group 
theory. 
Introduction 
The purpose of this article is to examine the way in which abelian subgroups are 
embedded in (bi)automatic groups and groups which act properly and cocompact- 
ly on l-connected spaces of nonpositive curvature. This represents part of an 
on-going programme to elucidate the characters of several related classes of 
groups which have come to light as a result of the recent flurry of activity in 
geometric group theory. 
The seminal work of Gromov [ll, 121 highlighted the fact that, when viewed as 
metric spaces (see Section 2), finitely generated groups inherit much of the 
asymptotic geometry of the spaces on which they act. Subsequently, the work of 
Epstein et al. [7] revealed the rather startling fact that groups which lend 
themselves to computations on finite state automata (so-called automatic groups) 
display much of the asymptotic geometry which one associates with spaces of 
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nonpositive curvature. Indeed, at the time of writing, it remains an open question 
as to whether the fundamental group of every compact manifold of nonpositive 
curvature is automatic. (The converse is false [4].) 
In the current article we show that the geometry displayed by abelian subgroups 
in the context of automatic group theory is qualitatively quite different from that 
which one encounters when studying groups which arise as the fundamental group 
of a compact nonpositively curved space. Thus it seems that the resemblance 
between these two surprisingly similar classes of groups begins to go awry when 
examined more closely. 
This article is organized as follows. In Section 1 we state our main technical 
result, Proposition 1.1, which concerns the logical complexity of abelian sub- 
groups as described from the viewpoint of automata theory (i.e., in terms of 
regular combings). As a consequence of Proposition 1.1 we obtain the following 
theorem: 
Theorem A. Let r be a finitely generated group and let pJj : 2?+ r be part of a 
biautomatic structure for r. The following conditions are equivalent: 
(i) For every cyclic subgroup H C r the sublanguage pi,’ (H) c 22 is regular. 
(ii) r contains no subgroup isomorphic to Z x Z. 
In Section 2 we translate Proposition 1.1 into more geometric terms and relate 
it to the study of groups which act properly and cocompactly by isometries on 
spaces of nonpositive curvature. In order to quantify the differences between the 
normal forms (combings) which arise in these different settings, we introduce a 
notion of compatibility. Two combings are said to be compatible if, when viewed 
as collections of paths in the Cayley graph of the group, they are close in the 
Hausdorff topology. A precise definition of compatibility is given in Section 2, 
where we prove the following results: 
Theorem B. Let X be a 1 -connected geodesic metric space of nonpositive curvature 
and suppose that r is a finitely generated group which acts properly and cocom- 
pactly by isometries on X. If the associated combing a(X) of r is compatible with a 
regular combing then every abelian subgroup of r is virtually cyclic. 
Corollary C. Let M be a closed real-analytic manifold of nonpositive curvature. 
The associated combing a($) of n, M is compatible with a regular combing if and 
only if 7r, M is word-hyperbolic. 
Corollary D. Let M be a closed 3-manifold of nonpositive curvature. The associ- 
ated combing a(M) of rr,M is compatible with a regular combing if and only if 
G-, M is word-hyperbolic. 
In Section 3 we review the connections between regular languages, finite state 
automata and their state graphs. We pay particular attention to the correspond- 
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ence between edge paths in the state graph of an automaton and words in the free 
monoid on the input alphabet. This correspondence is important in the proof of 
the Perturbation Lemma (Section 4), which gives a general technique for 
perturbing a regular combing without spoiling its regularity. In Section 4 we use 
this lemma to complete the proof of Proposition 1.1. 
1. The regularity of abelian subgroups 
In this section we state our main technical result, Proposition 1.1, and deduce 
Theorem A from it. We begin by recalling that if ti is a finite set and &* is the 
free monoid on & then a subset .58 c &* is called a regular language if it is the 
accepted language of a finite state automaton. (In Section 3 we shall review basic 
facts about regular languages and finite state automata.) We say that two 
subgroups K, , K2 C H are commensurable if K, fl K, has finite index in both K, 
and K?. The set of commensurability classes of subgroups in H will be denoted 
g(H). 
In Section 4 we shall prove the following result, a weaker form of which has 
been obtained independently by I.E. Kapovich (private communication). 
Proposition 1.1. Let ti be a finite set and let u : d* + r be a monoid epimorphism 
to a group r. Suppose that H c r is an abelian subgroup for which there exists a 
regular language 22 c J.& * such that ~(2) = H. Then, there exist only finitely many 
commensurability classes K E %‘(H) such that I_L~ ‘( K) fI 22 is a regular language 
for some K E I?. 
Let r be a group with a finite set of semigroup generators & = d-l. We recall 
(see [7, S]) that a regular language 9 c &’ is said to be part of a biautomatic 
structure for r if it maps onto r under the natural projection &*--+ r and there 
exist 2]ti] + 1 finite state automata with the following properties: Each of the 
automata takes as input (roughly speaking) pairs of words (w, w’) E .Z’ X 3; for 
every a E .zZ there exists an automaton JIX,~ (resp. A:) which outputs ‘yes’ or ‘no’ 
according to whether wa =r w’ or wa f,. w’ (resp. aw =,. w’ or aw #, w’); there 
exists an automaton A,, which outputs ‘yes’ or ‘no’ according to whether w =,. w’ 
or w #, w’. 
Theorem A. Let r be a finitely generated group and let t.+ : 2 ++ r be part of a 
biautomatic structure for r. The following conditions are equivalent: 
(i) For every cyclic subgroup H c r the sublanguage t.~j>‘(H) C 22 is regular. 
(ii) r contains no subgroup isomorphic to Z x Z. 
Proof. We first show that if r contains a subgroup n that is isomorphic to Z X Z 
then not every infinite cyclic subgroup has the property that its inverse image in 9 
is regular. If a finitely generated abelian group is not virtually cyclic, then it 
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contains infinitely many commensurability classes of infinite cyclic subgroups. 
Therefore, according to Proposition 1.1, it suffices to exhibit an abelian subgroup 
K G r which is not virtually cyclic and has the property that pi’(K) is regular. 
Let S c r be any finite subset and let C, denote the intersection of the 
centralizers in r of the elements of S. Gersten and Short [S] showed that Z(C,Y), 
the centre of C,Y, is finitely generated. They also showed that if G is any finite 
index subgroup of Z( C,Y) then pi’ (G) is a regular sublanguage of 9. To complete 
the proof of the present implication we let S be any finite set of generators for rr 
and let K = Z(C,y). 
For the reverse implication one simply notes that if r does not contain any 
subgroups isomorphic to Z x Z then for every element of infinite order y E r the 
group Z(Cy) is virtually cyclic and contains (r ) as a subgroup of finite index. 
Thus p,ip’ ( y ) is a regular language. 0 
Question. Are conditions (i) and (ii) in Theorem A equivalent to the requirement 
that r be word-hyperbolic? 
2. Combings which arise in geometry 
In this section we translate Proposition 1.1 into more geometric terms and then 
use this translation to prove Theorem B and Corollaries C and D, as stated in the 
Introduction. The origins of this translation lie in the work of Gersten and Short 
[S]. They proved that if z2 is a set of semigroup generators for the group r and 
22 2 &* is a regular language that maps onto r under the natural projection 
p : d * -sf r then a subgroup H C r has the property that ,6’(H) fl2? is regular if 
and only if H is 2-quasiconvex. This latter condition is geometric in nature and 
can be defined as follows. 
Given any finite set of semigroup generators a for r, we view the free monoid 
ti * as a subset of 9”,(r), the set of discrete paths in r based at the identity (i.e., 
eventually constant maps p : N -+ r with p(0) = 1). In order to do so we identify a 
word w E &* with the path t H p(w(t)), where w(t) denotes the prefix of length t 
in w. 
Associated to any choice of finite generating set 93 for r we obtain a 
word-metric on r by defining d( y, y ‘) to be the length of the shortest word in the 
free group F(% ) that maps onto y -‘y ‘. This construction enables us to discuss 
metric properties of the group r, such as the one that is our current interest, 
quasiconvexity. 
Given a set of paths 2 c Y,(r), a subset S c r is said to be SC-quasiconvex if 
there exists a constant k such that whenever a path p E 2 ends in S its entire 
image im( p) is contained in the k-neighbourhood of S. One checks easily that this 
definition of quasiconvexity (but not the constant k) is independent of the chosen 
word-metric on r. 
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In the theory of automatic groups and its generalisations one usually considers 
subsets Z c 9,(r) which map bijectively to r via the endpoint map S,(r)-+ r. 
Such a subset ,3 is called a (geometric) combing of lY If in addition there exists a 
finite set of semigroup generators d for r such that _Z is contained in & * C 9’, (r) 
as a regular sublanguage then we call 2 a regular combing of r. 
The results which are going to prove are best discussed in terms of the following 
equivalence relation: 
Definition. Let _Z and 2 ’ be subsets of 9’,(r) (e.g., combings). We write Z: 5 2 ’ if 
there exists a positive constant N such that for every path p E .J5 there exists 
p’E,c’ which has the same endpoint as p and is such that the Hausdorff distance 
between im( p) and im( p’) is less than N. We say that 2 and C ’ are compatible if 
Z5.E’ and Z’<Z. 
We note the following fact, whose proof is trivial. 
Lemma 2.1. Let r be a finitely generated group and let 2 I 2 ’ be subsets of 
9, (r). Zf a subset S C r is 2 ‘-quasiconvex then it is .$-quasiconvex. In particular, 
if C and 2 ’ are compatible then S is _I$-quasiconvex if and only if it is C ‘- 
quasiconvex. 0 
The notion of compatibility arises naturally in the following context. Consider a 
group r acting properly and cocompactly by isometries on a l-connected manifold 
X of nonpositive curvature. One can obtain a combing of r by fixing a basepoint 
x,, E X, mapping r into X by y H y . x,,, and then uniformly approximating the 
unique geodesic from x,, to y. x0 by a discrete path in r. Different choices of 
basepoint and ‘approximation’ may yield different combings but it is easy to check 
that any two such combings will be compatible. Moreover, one can choose a 
combing in the given compatibility class which is contained in the free monoid on 
any fixed generating set for r (see [2]). Thus, although it is somewhat abusive 
notation, it makes sense to talk of ‘the’ combing r(X) of rassociated to the given 
action, provided that one is discussing only matters of compatibility and quasicon- 
vexity . 
Finally, the reader familiar with generalised notions of curvature based on 
Alexandrov’s method of comparison triangles [l, 111 will observe that in the 
preceding discussion we did not use the fact that X was a manifold. Henceforth 
we shall use the phrase ‘a space of nonpositive curvature’ to mean a geodesic 
metric space which satisfies Gromov’s CAT(O) condition. The reader unfamiliar 
with this generalized notion of curvature may either read Theorem B below as a 
result about nonpositively curved manifolds or consult [ll] for further details. 
We have now gathered a sufficient vocabulary to translate Proposition 1.1 into 
more geometric terms and prove Theorem B. In Section 4 we shall prove the 
following result: 
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Proposition 2.2. Let P, 9 and H be as in Proposition 1.1. Then, there exist only 
finitely many commensurability classes K E Y(H) such that K is Z-quasiconvex for 
some K E I?. 
Combining this with Lemma 2.1 we obtain the following: 
Corollary 2.3. Let 2 be a combing of a finitely generated group P and let H C P be 
a S-quasiconvex abelian subgroup. If C is compatible with a regular combing of P 
then there exist only finitely many commensurability classes l? E (e(H) such that K 
is Z-quasiconvex for some K E K. 0 
Theorem B. Let X be a 1 -connected geodesic metric space of nonpositive curvature 
and suppose that P is a finitely generated group which acts properly and cocom- 
pactly by isometries on X. If the associated combing o(X) of r is compatible with a 
regular combing then every abelian subgroup of P is virtually cyclic. 
Proof. It is a consequence of the Flat Torus Theorem [4, 10, 141 that every 
abelian subgroup in r is finitely generated and cr(X)-quasiconvex (see [4] and [2, 
Section 91). By Corollary 2.3, if c(X) is compatible with a regular combing of r 
then r does not contain a copy of Z x Z, and hence all of its abelian subgroups 
are virtually cyclic. 0 
Remark. If in Theorem B we assume that the action of r is free then, by the 
well-known Bruhat-Tits fixed-point theorem, r is torsion-free. Thus we conclude 
that if c(X) is compatible with a regular combing then a subgroup of ris abelian 
if and only if it is infinite cyclic. 
If a group is word-hyperbolic (in the sense of Gromov [ll]) then all of its 
abelian subgroups are virtually cyclic. It is intriguing to suggest that one can 
strengthen Theorem B to conclude that Tis word-hyperbolic if and only if a(X) is 
compatible with a regular combing; this raises a subtle point. For if X is a 
l-connected space of nonpositive curvature and r is a finitely generated group 
which acts properly and cocompactly by isometries on X then one can show [5] 
that either P is word-hyperbolic or there exists a 2-flat (i.e., an isometric 
embedding of the Euclidean plane) in X. (These possibilities are mutually 
exclusive.) However, it is an open question as to whether or not this last condition 
is sufficient to imply the existence of a free abelian subgroup of rank 2 in r. 
If there were to exist an example where X contained a %-flat but r did not 
contain a copy of Z x i7 then such an example would either provide a negative 
answer to the question which we raised following Theorem A, or would provide 
the sought-after example of a group which acts properly and cocompactly on a 
space of nonpositive curvature but is not biautomatic. On the other hand, in the 
presence of some additional hypotheses on X one can indeed show that the 
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existence of a 2-flat is sufficient to guarantee the existence of a Z x Z subgroup in 
r. 
Corollary C. Let M be a compact real-analytic manifold of nonpositive curvature. 
The associated combing o(G) of s-, M is compatible with a regular combing if and 
only if r,M is word-hyperbolic. 
Proof. First we prove the ‘only if’ implication. In light of Theorem B, it suffices to 
show that if r, M does not contain a subgroup isomorphic to Z x Z then it is 
word-hyperbolic. This was proved by Bangert and Schroeder [3]. 
For the reverse implication, one observes that the paths in the combing a(G) 
are (h, e)-quasigeodesics, where the constants A and F depend only on M (see [2, 
Theorem 4.11). In any hyperbolic group (or space) there exists a constant 
iV = N( A, &) such that the Hausdorff distance between the images of every pair of 
(A, E)-quasigeodesics with common endpoints is at most N (see [9]). Thus (T(G) 
is compatible with every geodesic combing of 7~~ M. Every word-hyperbolic group 
admits a regular combing by geodesics [7]. 0 
Corollary D. Let M be a compact 3-manifold of nonpositive curvature. The 
associated combing cr(fi) of n-, M is compatible with a regular combing if and only 
if rr,M is word-hyperbolic. 
Proof. As in Corollary C, it suffices to show that if r,M does not contain a 
subgroup isomorphic to Z x Z then it is word-hyperbolic. In the present setting, 
this was proved by Schroeder [15]. 0 
3. Regular languages and finite state automata 
We begin this section by reviewing the connection between regular languages 
and finite state automata, We shall then discuss the relationship between paths in 
the state graph of a finite state automaton and words in the free monoid on its 
input alphabet. 
A finite state automaton (FSA) is a 5-tuple J+% = (Q, &, 6, LJ”, Y), where Q is a 
finite set (‘the states’), & is a finite set (‘the input alphabet’), q. is an element of 
Q (‘the initial state’), Y is a subset of Q (‘the accept states’), and 6 (‘the 
transition function’) is a set-map from Q x d to Q. 
Naturally associated to an FSA one has its state graph %(A). This is a finite, 
labelled, directed graph whose vertex set is Q. There is a directed edge labelled a 
joining q to 6( q, a) for every q E Q and every a E &. 
The accepted language of an FSA is the set of words w E &* that occur as 
labels on directed edge paths in the state graph g(M) that begin at q. and end in 
Y. We denote this language Z(A) C & *. A language L!! c ti * is said to be 
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regular if 22 = Z(A) for some finite state automaton JH. (An alternative approach 
to regular languages is to define them in terms of regular expressions over J& (see 
[7, p. 6]), or in terms of formal grammars, i la Chomsky [6].) 
Words in &* and paths C!?(A) 
Let & and & be as above and suppose that we are given a set map & + ti *. 
We denote the image of a E JZI under this map by a-’ and refer to it as the 
‘inverse’ of a. Let P(A) denote the set of edge paths in %(Ju), the state graph of 
JIX (Notice that we do not require a path p E I’(&) to traverse edges in the 
direction of the orientation given by 8.) Associated to each such path p we have a 
word up E ti* given by recording the label on each edge traversed by p, or the 
inverse of the label, according to whether p crosses the given edge in the direction 
of the a-orientation or the opposite direction. 
Conversely, given a word w E &* we can associate to it the path G E P(A) 
which begins at q. and proceeds to cross the sequence of directedelled edges 
corresponding to the letters of w. Observe that ~(6) = w but that L(P) = p if and 
only if p begins at q. and traverses all of the edges which it crosses in the direction 
of the a-orientation. We call a path which obeys the a-orientation in this way 
legal. Thus the map w I+ & is a bijection (with inverse G H L C;) from the accepted 
language 2?(A) c &* to the set of legal paths which begin at q,, and end at an 
accept state. 
A further definition which we shall need is the following. A state q. is said to be 
live if there exists a legal path in %(A) from q to an accept state. 
Finally, we note that if p : ~2 * -+ r is a monoid homomorphism to a group and 
p(a-‘) = p(a)-’ for all a E ~4 then PL is a morphism of groupoids. That is, if we 
denote reversed orientation by an overbar then ILL maps p to p(p)-', and if pq is 
a concatenation of paths in S(Ju) then p( pq) = p(p). p(q). 
4. The Perturbation Lemma 
Although Proposition 1.1 is stated in terms of formal language theory, at its 
core this result relies upon the geometry of geodesics in Euclidean space. This fact 
is concealed by our appeal to the following result, whose proof we shall sketch for 
the sake of completeness. 
Theorem 4.1 [2, 9.11. Let J& be a finite set and let p : A* + H be a monoid 
epimorphism to an abelian group. If .Z c d* is a regular language such that 
~(2) = H then there exist only finitely many commensurability classes l? E %(H) 
such that K is Z-quasiconvex for some K E l?. 
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Proof (sketch). Using the fact that the target group H is abelian, one shows that if 
.J!? = Z(Ju ) then for every h E H there exists wh E 3 with p(wh) = h such that the 
path $)h in 33(d) has the form 
@h = PO-&P,&. . . P,-ILP, > 
where the pi are injective legal edge paths and each Lj is the concatenation of 
injective legal loops li,i based at the vertex ui E %(A), with ui f uk if i # k. 
Making further use of the fact that H is abelian, we may assume that L, = 
IF,‘, . . . Zr:,, where the l,,j are distinct. Notice that the set A = { li,j} of legal 
injective loops is finite, because %(Ju) is a finite graph. 
If the subgroup K c H is infinite then as w,, ranges over the preimage of K at 
least one loop li,j E A occurs with arbitrarily high exponent in the above 
decomposition of 6 h; suppose that I,,, is such a loop and consider a word of the 
form u,,,~~~u~, where the integer m is assumed to be large. If no power of ~b(l~,~) 
lies in K then an elementary calculation in Euclidean geometry shows that 
is bounded below by a linear function of m. Thus if a subgroup KC H is 
L!?-quasiconvex then each of the loops which occur with arbitrarily high exponent 
as w,, ranges over the preimage of K must be mapped into a member of l? by PL. 
It is then easy to show that in fact the subgroup generated by the images of these 
loops is itself a member of the commensurability class l?. Thus the only subgroups 
of H which can be _Y-quasiconvex are those which are commensurable with a 
subgroup generated by one of the finitely many subsets of {&I,,,) 1 li,j E A}. 
Theorem 4.1 now follows from the Gersten-Short characterisation of regularity in 
terms of quasiconvexity. 0 
At the end of this section we shall deduce Proposition 1.1 from Proposition 2.2. 
At first glance it may seem that Proposition 2.2 is a trivial consequence of 
Theorem 4.1, but there is a difficulty here. Namely, in Propositions 1.1 and 2.2 
we do not assume that the image under p of each prefix of a word w E 3 lies in 
H. Thus, in order to apply Theorem 4.1, we must perturb the language 3’ so that 
all of its prefixes evaluate to elements of H, while at the same time we must 
ensure that the perturbed language is still regular. The following result gives a 
general method for performing such perturbations. 
The Perturbation Lemma. Let r be a group and let & be a finite set. Let 
p : d * -S r be a monoid epimorphism and suppose that H c r is a subgroup for 
which there exists a regular language 2’ c &* with ~(2) = H. Then, there exists a 
finite set s$~, a regular language .ZI C Sel*I and a monoid monomorphism 
i : sdi+d* such that 
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(i) im(Er,oi)CH, 
(ii) 22 and i(&,) are compatible subsets of 9, (T), 
(iii) ~oi(5.8~) = H. 
Proof. Let 2 and H be as in the statement of the lemma and let 
&(Q, 4 6, qO, Y) be an FSA with d;p = Z(d). The following argument relies 
heavily on the connections between the path space P(.&) and words in &*. The 
discussion of this connection which we gave in the previous section involved a 
certain set map d -+ & * , which we denoted a H a- ‘. In the present setting we can 
define a-’ to be any element of p-‘( p(a)-‘). 
We shall actually construct ‘TBH as a finite subset of &* and the desired 
monomorphism i : d i - d * will then be the map induced by the inclusion 
&,, 9 & *. For every live state q E Q we fix a shortest legal path py from q to an 
accept state in %(A). (In particular, if q itself is an accept state then this is a 
trivial path and opt is the empty word.) Then, for every q E Q and aj E ~4 such 
that 6( q, a,) is an accept state we define 
where the overbar denotes reversed orientation. The desired finite subset _!zZH c 
&* is the collection of all such (Y;. 
To verify assertion (i) of the lemma it suffices to show that F((Y~) E H for all 
(Y 7. To see this, we fix a legal path Z(q) in %(.&) from the initial state q. to the 
live state q. The path Z( q)p4 is legal and ends at an accept state, so L(Z( q)p,) E 
2’. Similarly, if 6(q, a,) is a live state then b(Z(q))ajL(p,,,,a,,) E 2’. Thus if 
6( q, aj) is a live state then there exist h, ,h, E H such that 
PMq)Pql= h, and ~[(Lz(q))aj(LPfi(y.a,))I = h . 
Therefore, 
Iu[arl = ~[(LPy)aj(LPS(y.a,))l 
= ~[(LPq)(LJ(q))(LI(q))a,(LPS(y.a,))l 
= ~~L~z~~~Py~l~l~~~Lz~~~~aj~LP~(q.rr,)~l 
= h,‘h, E H . 
It remains to construct the desired regular language ,Se, c &G. We obtain ZH as 
the accepted language of an automaton obtained from .& as follows. Intuitively 
speaking, we wish to replace the label aj on an edge in %(.&) joining the live 
states q and q’ = 6( q, a,) by the label LY 4. More precisely, we consider -4, = 
(Q,,, SgN, &, qo, Y,), where QH = Q U Ix>, YH = Y and 6, : QH x d/,+ QH is 
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defined by 
&(q, a;‘) = 
6(q,aj) ifq=q’and6(q,aj)EQislive, 
T)c, ifq#q’or6(q,aj)EQisnotlive, 
6,,(m, (Y ;‘> = cc. for all (Y 7 
Let ZH C_ dz be the accepted language of At,. Notice that (Y f” ’ , . . a 2”’ is an 
element of ZH if and only if a, . . . a,Ez, dl)=qo and q(.i+‘)=‘(q(j),aj) 
for i = 1, . . . , m - 1. Thus the elements of 3YH are in one-to-one correspondence 
with the elements of 3, but this correspondence is not the restriction of the 
monoid monomorphism i : sdi--+ a*. Rather, W E 3YH corresponds to w E 3 if 
andonlyifw=a,...a,and 
m-1 
iw= II (LPy(,))aj(LPs(4(j),~,)) ) 
j=l 
where q(1) = q,, and q( j + 1) = 6( q( j), ai). 
Because q( 1) and q(m) are accept states of AX, the paths p,(,) and pqCrn) are both 
trivial. Thus both L( pyC,)) and L( p+,) E &* are the empty word. Therefore, 
i(W) is obtained from w by simply inserting subwords of the form 
L(Py(j))L(Fq(,)). Such subwords are mapped to 1 E r by p, so p.i(W) = p(w). 
This establishes assertion (iii) of the lemma. Furthermore, there is a uniform 
bound on the length of the paths py , so the Hausdorff distance between the paths 
in r determined by w and i(W) is uniformly bounded. Thus 3 and i(TH) are 
compatible subsets of 9, (r). 0 
We are now in a position to prove Propositions 1.1 and 2.2. The following 
observation is implicit in the work of Gersten and Short [S]. 
Lemma 4.2. Let r be a group and let A? be a finite set. Let p : d* + r be a 
monoid homomorphism and suppose that the subsets K C r and 22 C ~4 * are such 
that p-‘(K) fl2 is a regular sublanguage of d*. Then K is 2!-quasiconvex. 
Proof. If ZK = p-‘(K) II 3 is regular then there exists a finite state automaton 
AK with input alphabet CZZ and accepted language ZK. Suppose that w, is a prefix 
of some word w E ZK. The endpoint of @, in the state graph of AK is a live state, 
q say, so we can choose an injective legal path p4 from q to an accept state. Let 
6: denote the path obtained by appending p4 to 6[, and let w,+ = w, L( p,) denote 
the corresponding element of ZK. By construction, p(w,+) E K. Furthermore, 
there is an upper bound (coming from the diameter of the state graph of 4 “) on 
the length of p4 and hence on d( I, I). Thus K is _Y-quasiconvex. 0 
In what follows we use the notation established in the statement of Proposition 
1.1 and the Perturbation Lemma. 
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Proof of Proposition 2.2. The Perturbation Lemma shows that the regular lan- 
guage 3 in the statement of Proposition 1.1 is compatible with i(Z’). Thus a 
subgroup K c H is 5!!-quasiconvex if and only if it is .ZH-quasiconvex (Lemma 
2.1). But when discussing 3?H-quasiconvexity we are in the situation of Theorem 
4.1. 0 
Proof of Proposition 1.1. If KC H is such that p-‘(K) n 9 is regular then, by 
Lemma 4.2, it is A!!‘-quasiconvex. We have just shown (Proposition 2.2) that there 
are only finitely many commensurability classes Z? E g(H) which have a member 
that is Z’-quasiconvex. 0 
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